A rigorous theory of electromagnetic (EM) wave scattering by one and many perfectly conducting small bodies of an arbitrary shape is developed. Equation for the effective field is derived in a medium in which many small particles are distributed. A method is given to change the refraction coefficient of a given medium in a desired direction by embedding into this medium many small particles.
Introduction
The electromagnetic (EM) wave scattering by a small perfectly conducting particle was studied in many papers. Rayleigh (1871) initiated this study and understood that the main term in the scattered field is given by a dipole radiation, [7] . The smallness of the particle D is characterized by the inequality ka ≪ 1, where a = 1 2 diamD is the characteristic size of the particle, k = ω c is the wave number, ω is the frequency, c is the wave speed. The dipole radiation is generated by the induced dipole polarization of the small body. In [7] there was no method given for calculating the induced dipole moment for a body of an arbitrary shape. This was done in [3, 5] , where formulas were derived that allowed one to calculate the polarizability tensor for a body of an arbitrary shape and, therefore, the induced dipole moment. In paper [2] the EM wave scattering problem was solved for spheres by the method of separation of variables. This method cannot be used for bodies of arbitrary shapes. The first basic new result of the current paper is an analytic explicit formula for the EM field scattered by a small perfectly conducting particle of an arbitrary shape and the method used for the derivation of this formula.
The second basic new result is a numerical method for solving EM wave scattering by M small perfectly conducting bodies. The number M can be very large, M = O(10 12 ),
More precisely, the distribution of the small bodies is described as follows. The number N (∆) of small bodies in an arbitrary open set ∆ ⊂ Ω, where Ω is an arbitrary fixed domain in R 3 , is given by the formula
Here N (x) ≥ 0 is a continuous function that can be chosen arbitrarily by the experimentalist. If D m , 1 ≤ m ≤ M, are the small non-intersecting bodies distributed in Ω according to the law (1.1), then one has
By x m we denote an arbitrary fixed point inside D m . Thus,
The EM wave scattering problem for one small perfectly conducting body is formulated as follows:
where ω, µ are constants in D ′ , k = ω ǫµ, ǫ and µ are dielectric permitivity and magnetic permeability satisfying Maxwell's equations (1.4)-(1.5) in R 3 , and v E , v H be the scattered fields, satisfying equations (1.4)-(1.5) and the radiation condition
The boundary condition on the surface S of the small body D is 
is the plane incident wave, E = const , α ∈ S 2 , S 2 is the unit sphere in R 3 . Then
and E 0 , H 0 satisfy equations (1.4)-(1.5) in R 3 .
The scattered field
In section 2 a formula for A(β, α, k) is derived. In section 3 a numerical method is developed for solving many-body EM wave scattering problem in the case of small perfectly conducting bodies of an arbitrary shape and a limiting equation is derived for the effective field in the medium as a → 0.
In section 4 applications of our theory to materials science are discussed. It is explained how to change the original refraction coefficient in the desired direction.
In section 5 it is stated that basic results of this paper are formulated in theorems 2.1, 2.2, 3.1, 4.1.
The ideas we use in this paper are similar to the ideas developed in [6] . In [1] one finds a recent report about light scattering by small particles.
EM wave scattering by one small perfectly conducting body
Let us look for a solution to problem (1.4)-(1.8) of the form
Here J (t ) is a tangential to S field that should be found from the boundary condition (1.7). Thus, we look for
Equation (1.5) is satisfied also:
This is true for any J . Let us prove that J is uniquely determined by the boundary condition (1.7), namely, that equation (1.7) has at most one solution.
To prove this, it is sufficient to prove that equation (1.7) is of Fredholm-type for J , and that the corresponding homogeneous equation has only the trivial solution.
Let us write equation (1.7) for J :
where x → s − denotes the limit as x → s from outside D along the normal to S at the point s. We will use the known formula (see, for example, [6] , p.86):
Take a vector product of N with the left side of equation (2.5), use (2.6) and get
Equation (2.7) is equivalent to equation (2.5): taking the vector product of (2.7) with N one gets (2.5).
Lemma 1. Equation (2.7) is of Fredholm-type in the space C (S) of continuous tangent to S fields.
Proof. It is sufficient to check that the operator T in (2.7) is compact in C (S) and that any solution J to equation (2.7) is tangential to S, that is,
Compactness of T follows from the formula
relation (2.8), and the estimate
known from the potential theory for the C 2 surfaces (see, for example, [6] , chapter 11).
Lemma 1 is proved.
Lemma 2. The homogeneous version of equation (2.7) implies J = 0, provided that a is sufficiently small.
Proof. It is sufficient to prove that
Estimates (2.13) and (2.14) imply (2.11). Lemma 2 is proved.
From these lemmas the following theorem follows:
Theorem 2.1. Equation (2.7) has a solution in C (S), this solution is unique and satisfies condition (2.8).
If r := |x| → ∞, x r = β, and the origin is inside D, then formula (2.1) implies
Let us derive a formula for Q. Integrate equation (2.7) over S and keep the main terms as a → 0. One has 
where we have used the relation 
One has |J (t )| · N (s) ≤ c|t − s|, and |∇ s g (s, t )| ≤ c |s−t| 2 , where c > 0 is an estimation constant. Thus,
and
Therefore, choosing, for example, δ = (a) 1/2 and a sufficiently small so that ǫ(δ) is sufficiently small, one gets 
Since ka ≪ 1 and x 1 ≤ a, one may write 
Many-body wave scattering
Consider now the case of many-body EM wave scattering.
Let D m be small perfectly conducting body, x m ∈ D m be an arbitrary point,
Assume that formula (1.1) gives the distribution of small bodies in Ω. The total number M = M(a) of small particles, distributed in Ω is given by formula (1.2).
The distance d between closest neighboring particles is assumed to be large compared with a d ≫ a (3.1)
Let L be a side of a cube Ω where small particles are distributed. Then 
where
Proof. One has
where c > 0 is a constant and d = |x − x m |. Similarly,
Taking into account that kd ≪ 1, one gets
Lemma 3 is proved.
From lemma 3 it follows that one can solve the many-body EM wave scattering problem by finding quantities Q m , 1 ≤ m ≤ M, rather than the unknown functions J m (t ).

This allows one to solve numerically the scattering problem with very large M, provided that assumption (3.5) holds.
The solution is given by the formula
Let us introduce the notion of the effective field: it is the field acting on a particular small particle D j from all other particles and from the incident field:
In the limit a → 0 the effective field differs negligibly from the full field already at the distances of the order of a because the radiation from a small particle is O(a 3 ), as we proved in section 2. If condition (3.5) holds, then the effective field, scattered by the j-th particle, can be calculated by the formula analogous to formula (2.24):
Let us assume for simplicity, that c D := c 0 does not depend on j . This, for example, happens if all the particles are of the same geometry. Then Q j is known if the quantities
Let us derive a linear algebraic system (LAS) for finding these quantities. This will give a numerical method for solving many-body EM wave scattering problem. Take curl of equation (3.12) and then put x = x j in the resulting equation. This yields
If A j are found from (3.14), then the solution to the scattering problem is given by formula (3.11):
If M is very large, then the order of LAS (3.14) is very large. Let us reduce this order drastically.
Consider a partition of the domain Ω into a union of cubes ∆ p , 1 ≤ p ≤ P, P ≪ M. Let x p be the center of ∆ p and b be the side of
where d = d (a) is the distance between closest neighboring particles. Then there will be many particles in each of the cubes ∆ p . Let us transform formula (3.16) as follows
where by formula (1.1) one has
Here |∆ p | is he volume of the cube ∆ p and we have used the relations
These relations hold because the side of ∆ p tends to zero as a → 0, and the functions ∇ x g (x, y), A(y) are continuous functions of y ∈ ∆ p when x ∈ ∆ p . A similar transformation of LAS (3.14) yields
The order of LAS (3.21) is P ≪ M. Equation (3.18) is a Riemannian sum for equation
This equation describes the limiting field in the domain Ω when the number of particles tends to infinity while the size of the particles tends to zero, the particles are distributed by the law (1.1) and condition (3.5) holds. Let us summarize the result. 3.14) or (3.21) . The effective field in Ω has a limit as a → 0 and this limit solves equation (3.22) . Equation (3.22 ) has a solution in C 2 (Ω) and this solution is unique.
Proof. Only the last statement of theorem 3.1 is not yet proved.
To prove it, assume that E 0 = 0, apply the operator ∇ × ∇× to the homogeneous version of equation (3.22) and use the formulas
We obtain the following equation:
This equation and the relation ∇ · E = 0 imply
The field E satisfies the radiation condition and equation ( 
Conclusions
Basic results of this paper are formulated in Theorems 2.1, 2.2, 3.1 and 4.1.
